Mesoscopic superpositions of vibronic collective states of TV trapped ions 
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We propose a scalable procedure to generate superpositions of motional coherent states and also 
entangled vibronic states in N trapped ions. Beyond their fundamental importance, these states 
may be of interest for quantum information processing and may be used in experimental studies on 
decoherence. 
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In quantum mechanics, the superposition principle, re- 
quiring that all formal superpositions of quantum states 
give rise to new physical states, plays a fundamental 
role ffl. In particular, it implies that probability den- 
sities of observable quantities, in a superposition state, 
usually exhibit interference effects instead of simply be- 
ing added. This principle has been successfully applied 
to explain a large class of new phenomena in the micro- 
scopic level. As an important example one can refer to 
the prediction of superpositions of the K° meson and its 
antiparticle as forming new and different states, the so 
called Ki and particles Q . Superpositions of product 
states of composite systems also lead to the fundamental 
quantum nonlocality, characteristic of quantum entangle- 
ment. The quantum correlations resulting of such super- 
positions lead to the violation of the Bell's inequalities 2] 
and are essential ingredients for quantum computation \ 4] 
and quantum cryptography ||. 

Despite its experimental manifestations in the micro- 
scopic level, the quantum superposition principle seems 
not to be applicable in the macroscopic world, as it would 
predict, for example, the existence of superpositions of a 
macroscopic object being at different places. Such situa- 
tion would stay in clear contradiction to our observations 
and measurements of macroscopic phenomena. In fact, 
the great majority of states predicted by the superposi- 
tion principle are not observed in our daily life. In re- 
cent years decoherence Q is being widely accepted as the 
mechanism responsible for this fact and, consequently, for 
the emergency of classicality. It consists in the fast decay 
of quantum superpositions into statistical mixtures, and 
can be viewed as a consequence of always present interac- 
tions between a quantum system and its environment. It 
precludes, in general, the existence of macroscopic super- 
positions, except for very short time intervals and is the 
key to understanding the fuzzy boundary between quan- 
tum and classical behavior. As coherence disappears very 
fast as the system grows, it is important to be able to 
generate mesoscopic superposition of states and analyze 
how it looses its coherence. In this context, superposi- 
tions of coherent states of both the electromagnetic field 
in a high Q microwave cavity Sand of the vibrational 
motion of a single trapped ion [|9| have been generated 
and their behavior in the presence of the environment 
has been studied. Fast generation of superposition of 



states involving a large number of particles and excita- 
tions has become an experimental challenge in order to 
understand how the transition from quantum to classical 
occurs. 

In this paper, we discuss some proposals for generating, 
in a fast and controllable way, vibronic superpositions 
of mesoscopic states involving, in principle, an arbitrary 
number N of ions. Relying on homogeneous resonant 
Dichromatic excitations of the N ions with laser light, we 
show that is possible to generate superpositions of N + 1 
coherent states of the center of mass (CM) vibration of 
the N ions, equally spaced in phase space. We also show 
that it is possible to obtain mesoscopic entangled states 
involving the internal and external degrees of freedom 
of the N ions and odd and even coherent superpositions 
of the CM motion of the ions, by additionally using a 
dispersive bichromatic interaction. Our procedure opens 
the possibility of generating mesoscopic superpositions of 
several massive particles in a scalable and fast way. 

Let us consider N two-level ions of mass to, confined 
to move in the z direction in a Paul trap. They are 
cooled down to very low temperatures |lO| , |ll| and may 
perform small oscillations around their equilibrium posi- 
tions, zjo, j = 1, 2...N. We denote by Z = Y2j=i n z jl^i 
the center of mass coordinate and we set the origin 
at its equilibrium position. All ions are simultane- 
ously illuminated by two classical homogeneous Raman 
effective pulses Ei = £ oje i (<?i-r-^t- VJ ) and gj u = 
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with angular frequencies u>i and 



u>ii and wave vectors <fi = (7*2 = <T, parallel to the z direc- 
tion. The Raman pulses frequencies will be chosen to be 
quasi-resonant with a long-living electronic transition be- 
tween two ionic hyperfme levels \ej) and \gj) {j = 1, ...N), 
with energies Tiloq and 0, respectively. The Raman laser 
relative phases are chosen to be the same ipi = ipu = ip. 
The total Hamiltonian of the system may be written, in 
the optical rotating wave approximation (RWA), as 



H — H + Hi n t, 



(1) 



with 



Hq = huj \ej){ej\ + Two) a + Tiv\b\b\, (2) 
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and 
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H int = HQ e l( -i^- v) \ej)( gj \ (e~ lu>lt + e - *""*) + H. 

j=l,N 



The operators a and b\ (a^ and b x ) are the annihilation 
(creation) operators associated with the center of mass 
mode of frequency v and with the A — 1 other vibrational 
modes of frequency i>\, respectively. For simplicity, we 
have assumed that the same Rabi frequency f2 (taken as 
real) is associated with both lasers. 

We start by taking the frequencies toi and wu resonant 
with the center of mass vibronic transition in the fc-th 
blue and fc-th red sideband as 



lui = luq + kv and cjji — loq — kv . 



(4) 



For small k values, we may safely assume that only the 
center of mass motion will be excited, given that the next 
eigenfrequency is v r = ^/3v, correspon ding t o the stretch 
mode. The following frequencies (> -\/29/5^)depend on 
the number of ions and have being calculated in Ref. j^J . 
Following the usual treatment for one single ion interact- 
ing with a laser field , we make the RWA with respect 
to the CM vibrational frequency and select the terms that 
oscillate with minimum frequency. In the Lamb-Dicke 
limit the interaction Hamiltonian may be written, in the 
interaction picture, as 



k\ 



(5) 



where r\ = q^Jh/2Nrav is the Lamb-Dicke parameter 
associated to the center of mass motion of the A ions, 



Jt is an angular momentum- like operator |14| defined as 



Jt 



-tip 
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Here a+j = | TjKij I = e%qZi °\ e j){9j\ 1S a m P operator 
associated with the electronic transition \gj) — > \ej) in 
the ion j and dj_ = erj + . Without loss of generality we 

may set the phase (p — kn/2, so that Jt = Jx in the 
usual angular momentum operator convention for phases. 
Similarly, by choosing a phase tp = (k + 1)tt/2, Jt = 
J y . We also may define the z component of the angular 
momentum by j z = \ £j(l e i)( e j| - \9j){g 3 \)- 

From Eq. (||) , it is easy to show that the time evolution 
operator, in the interaction picture, at time t, is a sum 
of products of unitary operators on the motional states 
and projection operators on the ion internal states 



Uk(t) =y]Dk (moifc (t))\j,m)xx (j, 



(7) 



with ak(t) — 2iiUi] k /k\. Also, \j,m) x are the simultane- 
ous eigenvectors of the operators J x and J 2 = J x + + 



(3) J 2 , associated with the eigenvalues m — —j, — (j — 1), 



■J 

and j(j + 1), respectively, j varies from (1/2) to N/2 
by steps of 1, if A is even (odd). 

The action of the time evolution operator J7 fe of Eq. (Q) 
corresponds to unitary operations D^mat) on the mo- 
tional degrees of freedom conditioned to the value m of 
the x component of the " angular momentum" electronic 
state. From now on we set k = 1 that is, the excita- 
tion occurs in the first red and blue sidebands. In this 
case Di(a) is the displacement operator which generates, 
when acting on the ground state, coherent states of the 
vibrational motion of the center of mass 



a)coh 



(aa< —a*a) 
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If initially the ions are in the vibronic ground state, 
\ggg...) ® |0) = \N/2, -N/2) z ® |0), their state, after an 
interaction time t with the laser fields, will be given by 

E d ^U*l 2 ) dN J 2 -N/2^/nN/2,m>) z ® \ma) coh , 

(10) 

where a = 2irj£lt. Here, d J m , m {9) = x (j,m'\e~' ieJv \j,m) z 
are the matrix elements of the rotation operator along 
the y axis in the {\j, m) z } basis of the eigenstates of J z 
and J 2 [I7j| . This allows us to prepare in a very simple 
way and with a single Raman pulse, a mesoscopic super- 
position of vibronic quantum states in N trapped ions. 
If we now measure the electronic state of the ions and 
find the totally excited state |eee...), we know that the 
motional state is given, up to a normalization factor, by 



E 



(_l)W2-m) 



m=-N/2,N/2 



(N/2 - m) !( N/2 + m) 



:|ma) coh . (11) 



If N is even, this state is a superposition of the vac- 
uum and a series of coherent states of amplitudes ma, 
the probability for measuring them decreasing with \m\. 
If A is odd, the vacuum is not present in the superposi- 
tion. When we have only one ion Eq. ( pi] ) represents a 
single odd coherent state. Note that the procedure above 
relies on a resonant excitation of the ions and therefore 
can be accomplished with very short interaction times. 
The measurement of the electronic state can be done by 
monitoring the fluorescence of a cyclic transition of the 
ions |L7|, where a dark event detects the totally excited 
state. In Fig. 1, we show the Wigner function for the 
state given by Eq. (pi]), when \a\ = 3 and A = 3. Note 
that the vacuum is not present, as A is odd, and that 
interference manifests strongly, due to the multiple su- 



where 



D k (a k ) = e a *~ a 



(8) 
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perposition of coherent states. 




FIG. 1. Wigner distribution for the state given in Eq. ( |l l| ) 
when N = 3 and \a\ = 3. 

If the frequencies of the lasers in Eq. (g) are slightly 
off resonance and such that wj = loq + v + 5 and 
luij = luq — v — 5, the time evolution operator may be 
written, for small values of r/, approximately as e~ lXtJ y , 
where A = 8(ttr]) 2 /6 and we have chosen ip — 0. This 
dispersive bichromatic interaction does not change the 
motional state and has been studied in a series of recent 
papers p8|-|2l|| . It has been implemented successfully in 
the laboratory for generating GHZ states in two and four 
ions Q. 

We now show that, by using both the dispersive and 
the resonant bichromatic interaction, it is possible to pre- 
pare even and odd coherent states of large amplitudes 
and involving a large number of ions. It will be conve- 
nient to consider first the case where we have an odd 
number of ions N. If we start with the ground state 
\ggg...) ® |0) and apply the dispersive bichromatic in- 
teraction during a time t = n/ (2A), we get, using the 
properties of the rotation matrices pa], 

e~ i3 >' 2 \j, -j) z ® |0) = i=(|j, j) x - \j, -j) x ) ® |0) , 

(12) 

where j = N/2. 

Now we apply a second pulse using the resonant lasers 
of frequencies ujq ± with a relative phase of 7r/2 with 
respect to the previous pulse, during a time r. This cor- 
responds to apply the operator U\ (r) on the state given 
in Eq. |l2] leading to the state 

^(|iVa/2) coh ® 1^/2,^/2), 
-\-Na/2) coh ®\\N/2,-N/2) x . (13) 

where a — 2iQr)T. This state is a superposition of two vi- 
bronic states involving, in principle, a large number N of 
ions. The two internal states \N/2,±N/2) X are strongly 
correlated to the two vibrational states | ± Na/2) co \ 1 , 



whose average amplitude of oscillation, \Na/2\, is pro- 
portional both to y/~N and Sir. This state is an example 
of a strongly entangled mesoscopic state that is scalable, 
and its experimental realization may become a useful tool 
in analyzing the dependence of decoherence on the num- 
ber of degrees of freedom of this system. 

If, after the preparation of the state given in Eq. (|l^) , 
we measure the state |eee...), we obtain 

\Na/2) coh + | - Afq/2) coh 

V2 + 2eH JVQ l 2 /2 ' 1 ' 

The state given in Eq. (|l4|) is an even coherent state of the 
center of mass motion of an odd large number of ions. An 
odd coherent state is obtained if one measures the state 
\ggg...) instead of |eee...). Thus, we have a procedure that 
generates a superposition of two states of motion, vibrat- 
ing out of phase, where a large number of particles may 
be involved. In principle, the number of ions in this state 
is limited mostly by decoherence and by the capacity of 
producing lasers with high homogeneity. For large N, 
the probability to produce these state superpositions by 
this procedure decreases as 1/2 . However, an efficient 
method to obtain even or odd coherent states, each one 
with probability 1/2, even for large N, will be described 
below. 

As before, we start with the ground state and apply 
in succession the dispersive bichromatic interaction as 
in Eq. (|l2|) and the resonant bichromatic interaction to 
obtain the state given in Eq. (|l3|). We then apply again 
the same dispersive bichromatic interaction during the 
same interval of time. The resulting state is 

~{|eee..) ® (|JVa/2) - | - Na/2)) 
-\ggg...)®{\Na/2) + \-Na/2))} (15) 

Measuring the dark fluorescence of either the N— elec- 
tronic excited state or the N— electronic ground state, 
we get the associated odd or even coherent state with 
probability 1/2. This procedure shows how to gener- 
ate efficiently mesoscopic superposition states for a large 
number of ions. 

Similar results may be obtained for N even, if an addi- 
tional resonant carrier 7r/2 pulse, is applied at the same 
time and with a relative phase ip = tt/2 with respect to 
the dispersive pulse. 

In conclusion, we have presented a procedure to gen- 
erate several kinds of mesoscopic superpositions of states 
involving N ions. Superpositions of coherent states 
evenly spaced on a line may be generated rapidly, through 
resonant interactions. Even or odd coherent state may 
be obtained if we use also dispersive bichromatic inter- 
actions. This is, to the best of our knowledge, the first 
proposal to generate, in a scalable way, mesoscopic super- 
positions of collective motional states of N trapped ions. 
Note that, as long as the field is spatially homogeneous 
over the trapped ions, the only parameter that depends 
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on N, in our model, is the time we applied the laser 
pulses, which varies with ^/N (N) during the resonant 
(dispersive) interaction. We also expect that the cool- 
ing of the vibrational modes for N ions will be achieved 
with the same effectiveness as in the case of four ions 
fj"lf . For this reason the constraints, in our proposal, on 
parameters like laser pulse timing, laser frequencies, as 
well as cooling to the ground state should remain almost 
the same as in the case of a single trapped ion. Then, 
the number of ions involved will be limited mostly by the 
scale of time in which decoherence occurs. 

We believe that the proposals presented in this let- 
ter are ready to be implemented in the laboratory. They 
should help to build larger mesoscopic quantum superpo- 
sitions in trapped ions, to study experimentally, at large 
scale, decoherence processes and for applications in quan- 
tum information processing. 
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